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Riesz Transform Characterizations of Hardy Spaces 
Associated to Degenerate Elliptic Operators 

Dachun Yang and Junqiang Zhang* 

Abstract Let w be a Muckenhoupt A 2 (K") weight and := —w“^div(AV) the de¬ 
generate elliptic operator on the Euclidean space R". In this article, the authors establish 
the Riesz transform characterization of the Hardy space (R”) associated with L^, for 
w € Aq(R") and w~^ G A 2_2 (R”) with n> 3, q G [1,2] and p € (q(^ + -f 1] if, 
for some r G [1, 2), satisfies the weighted U' — full off-diagonal estimate. 

1 Introduction 

The theory of classical real Hardy spaces originates from Stein and Weiss [39] 

in the early 1960s. Since then, this real-variable theory received continuous development 
and now is increasingly mature; see, for example, [24, 38]. It is well known that the Hardy 
space is a suitable substitute of the Lebesgue space L^(]R”), when p G (0, 1], 

and plays important roles in various fields of analysis and partial differential equations. 
Notice that is essentially associated with the Laplace operator A := 

see [22, 27] for instance. 

The motivation to study the Hardy spaces associated with different operators (for exam¬ 
ple, the second order elliptic operator — div(AV) and the Schrodinger operator —A -|- V) 
comes from characterizing the boundedness of the associated Riesz transforms and the 
regularity of solutions of the associated equations; see, for example, [3, 21, 22, 2, 42, 29, 
26, 27, 20, 19, 6]. 

Consider now a degenerate elliptic operator. Let w he a Muckenhoupt A 2 (M”') weight 
and A(x) := be a matrix of complex-valued, measurable functions on M” 

satisfying the degenerate elliptic condition that there exist positive constants A < A such 
that, for almost every x G M” and all r/ G C”’, 


(1.1) 

|(A(a:)^, ??)] < A'«;(x)|^||r?| 

and 


(1.2) 
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here and hereafter, JRz denotes the real part of 2 : for any z £ C. The associated degenerate 
elliptic operator is defined by setting, for all / G D{Lw) C 'Hq('u;, M”), 

(1.3) W:=--div(AV/), 

w 

which is interpreted in the usual weak sense via the sesquilinear form, where D{Lw) 
denotes the domain of Here and in what follows, M”') denotes the weighted 

Sobolev space, which is defined to be the closure of with respect to the norm 

ll/llwi(«;,R") := + |V/(x)|2] w{x) dxj . 

The sesquilinear form a associated with is dehned by setting, for all f,g£ 'Hq{w, M”), 


a(/, g) ■= / [-4(x)V/(x)] • Vg{x) dx. 

JR" 


In the case w = 1, the degenerate elliptic operator reduces to the usual second order 
elliptic operator L = — div(HV). Therefore, may be considered as a generalization of 
the usual uniformly elliptic operator. 

Operators of the form (1.3) and the associated elliptic equations were first considered 
by Fabes, Kenig and Serapioni [23] and have been considered by a number of other authors 
(see, for example, [8, 9, 7, 28] and, especially, some recent articles by Cruz-Uribe and Rios 
[13, 14, 15, 16]). We point out that, when rc is a weight in the Muchkenhoupt class H 2 (M”), 
the space M”) was first studied by Fabes et al. in [23], where the local weighted 

Sobolev embedding theorem and the Poincare inequality were proved to hold true. 

Let Ly„ be a degenerate elliptic operator as in (1.3) with w in the Muckenhoupt class of 
H 2 (M”) weights (see Subsection 2.1 below for their exact definitions). The main purpose of 
this article is to establish the Riesz transform characterizations of Hardy spaces (M”) 
associated with (see Theorem 1.4 below). 

This article may be viewed in part as a sequel to [43], where the non-tangential max¬ 
imal function characterizations of Hardy spaces 77]’^(ffi”) associated with Lyj and the 
boundedness of the associated Riesz transform on these spaces have been studied. 

To state the main results of this article, we hrst introduce some definitions and notation. 
Let w G H 2 (M"'), Lw be as in (1.3) and / G L‘^{w, M”), where Lp‘{w, M”) denotes the 
weighted Lehesgue space with the norm 

ll/llL2(t«,R") := I / \f{x)f w{x)dx\ . 

I JR" J 


It is well known that, if tc G H 2 (M”’), L‘^{w, M”) is a space of homogenous type in the 
sense of Coifman and Weiss [11, 12], since w{x) dx is a doubling measure. In what follows, 
let := M"" x (0, 00). For any / G M”) and x G M"", the square function 5l,^(/) 

associated with is defined by setting 


5l™(/)(x) := 


// 

J Jr(a:) 






{f)iy) w{y) 


dy 


dt 


w{B{x,t)) t 


1/2 
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where B{x, t) := {y G M” : \x — y\ < t}, w{B{x, t)) := w{y) dy and 

(1.4) ra(x) := {(y,i) G : \x - y\ < at} 

denotes the cone of aperture a with vertex x. In particular, if a = 1, we write r(x) instead 
of rQ,(x). 

The Hardy spaces associated with Lyj were defined in [43, Definition 1.1] as 

follows. 

Definition 1.1 ([43]). Let p G (0, 1], w G H 2 (M") and be the degenerate elliptic 
operator as in (1.3) with the matrix A satisfying the degenerate elliptic conditions (1.1) 
and (1.2). The Hardy space associated with L^, is defined as the completion of 

the space 

{/ £ R"') : \\SL^{f)\\LP(w,R^) < oo} 

with respect to the quasi-norm 


ll/llnf (R") ■— ll'S’Lt„(/)||LP(io,R")- 

We introduce the following Hardy spaces associated with the Riesz transform, which, 
when u; = 1, is just the one defined in [27, p. 7]. 

Definition 1.2. Let p G (0, 1], w G H 2 (R"') and L^j be the degenerate elliptic operator 
as in (1.3) with the matrix A satisfying the degenerate elliptic conditions (1.1) and (1.2). 
The Hardy space H^^ ..EtaJR”) is defined as the completion of the space 

{/ G L\w, R") : VL-V2J ^ 

with respect to the quasi-norm 


Before establishing the Riesz transform characterization of H^ (R"')j we first introduce 
the following dehnition of weighted full off-diagonal estimates, which is a generalization of 
full off-diagonal estimates in spaces of homogeneous type (see [1, Definition 3.1]). 


Definition 1.3. Let w G Hoo(R"') and 1 < p < q < oo. A family {Tt}t>o of sublinear 
operators is said to satisfy the weighted full off-diagonal estimates, denoted by 

Tt G Fw{L^ — L^), if there exist positive constants C, c G (0, oo) such that, for any closed 
sets E, F of R” and / G U’{w^, E) with supp f C E, 


\Ttif){xW[w{x )]2 dx 


_ n f 

<Ct 2 Vp 


l) [d(B,F)]2 

iJe ^ t 



\f{x)f[w{x)]’^ dx 


1 

P 


The following theorem establishes the Riesz transform characterizations of H£^(R”). 
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Theorem 1.4. Let q S [1,2] and w € satisfy w ^ n > 3. 

n 

Assume G J^w{L^ — L"^) for some r £ [1, 2). Then, for p £ {q{^ + 1], 

the Hardy spaces and (M”) coincide with equivalent quasi-norms. 

Remark 1.5. (i) Since we need to apply the weighted Sobolev inequality (see (2.17) 
below) in the proof of Theorem 1.4, to this end, we need to assume w~^ £ 742_i(M”) with 

n 

n > 3 in Theorem 1.4. 

(ii) In the case w = 1, Theorem 1.4 reduces to [27, Proposition 5.18], where Hofmann 
et al. first established the Riesz transform characterizations of Hardy spaces H£(M”’) 
associated with the second order elliptic operators L := — div(HV); we point out that, in 
this case, the range of p of Theorem 1.4 coincides with that of [27, Proposition 5.18]. 

From Theorem 1.4 and Remark 2.5 below, we immediately deduce the following con¬ 
clusions, the details being omitted. 

Corollary 1.6. Let q £ [1,2], s £ (l,oo] and w £ Hq(]R"') n RHsfST) satisfy w~^ £ 
H 2_2 (M") with n > 3. If the matrix A associated with L^ is real symmetric, then, for all 

n 

p £ (^[^(1 “ s) + I + Hardy spaces H^^ Riesz(^"^) coincide with 

equivalent quasi-norms. 

By Theorem 1.4 and Proposition 2.6 below, we immediately conclude the following 
conclusion, the details being omitted. 

Corollary 1.7. Let q £ [1, |) and w £ Hg(M^) satisfy w ^ £ H4(M^). Then, for p £ 

(j||^,l], the Hardy spaces H^^ Riesz(^^) coincide with equivalent quasi¬ 

norms. 

We prove Theorem 1.4 by following the strategy used in [27, Proposition 5.18]. The 
proof of Theorem 1.4 rests on the atomic decomposition of the weighted Hardy-Sobolev 
spaces (see Theorem 1.8 below). 

In what follows, let 5(M"’) denote the space of all Schwartz functions and 5'(M"') be 
the space of all Schwartz distributions. 

Let if £ 5(M"'), 'i/j{x)dx = 1 and ■= for all x £ ffi” and t £ (0, oo). 

For all / £ 5'(M"') and x £ M”, the non-tang ential maximal function 'ijj^{f){x) is dehned 
by setting 

V’v if) (x) ■= sup I {'ipt * f) iv) I ■ 

\x—y\<t, ie(0,oo) 

Then, for p £ (0,1] and w £ Hoo(M”), / £ 5'(M"') is said to belong to the weighted 
Hardy space HS(M"'), if f’yif) £ LP{w, M”"); moreover, its norm is given by U/U^fP:= 

Let So(MT) be the space of all Schwartz functions p that satisfy pix) dx = 0. Then 
5o(M"') is a subspace of S{W^) that inherits the same topology as 5(M"'). We denote the 
dual of 5o(M’") by 5(,(R"). 

Let p £ (0,1] and w £ Hoo(M"'). The weighted Hardy-Sobolev space is dehned as the set 
Hl;P{R^) -.= {/ G 5'(M-) : V/ G HP{R^)} 



Riesz Transform Characterizations 


5 


with the quasi-norm 


j=i 

where V/ := {dif, dnf) stands for the distributional derivatives of / and V/ G 
means that, for all j G {1, ..., n}, djf G 

In what follows, for a subset E C M”, C^{E) denotes the set of all C°° functions with 
compact support in E. For a ball B of R” and w G ^cxdCR""), we define Hq{w, B) to be 
the closure of C^{B) with respect to the norm 

11/11^1(1^,6) •= + |V/(a^)P] U}ix)dx^ . 

Let p G (0,1], tc G 74 oo(R”) and B C R"' be a ball. A function a G Hq{w, B) is called 
an iL^’^(R”)-atom if 

(i) supp a C B] 

(ii) ||a||i, 2 (^^ 5 ) < rB||Va||x, 2 (^„^ 5 ), where rs denotes the radius of B; 

(hi) \\Va\\L2(^^B) < [w{B)]^~p. 

The following theorem gives an atomic decomposition for distributions in 
which plays a key role in the proof of Theorem 1.4. 

Theorem 1.8. Let w G A 2 (R"'), p G (0,1] and f G R”) n Then there 

exist a sequence of atoms, {PkfkeNj oi^^d a sequence of numbers, {Afcjfcgpj C C, 

such that 


(1.5) 

OO 

f = Y.^A 

k=l 

in 5o(R”), 

and 

oo 




in L^{w, R"' 


k=l 


Moreover, there exists a positive constant C, independent of f, such that 

{ oo 'I I 

< C||V/||^£(r„). 

Recall that Lou and Yang in [33] gave an atomic characterization for the classical Hardy- 
Sobolev space Following their methods therein, we prove Theorem 1.8 through 

the atomic decomposition for tent spaces, which was originally introduced in [10]. However, 
we point out that the proof of Theorem 1.8 is slightly different from that of [33, Lemma 
1]. We prove the size condition of the iLi’^(R"')-atoms by the local weighted Sobolev 
embedding theorems in [23], for A 2 (R”) weights, instead of [36, Chapter 3, Theorem 3.3.3] 
which was used in the corresponding proof of [33, Lemma 1]. 
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This article is organized as follows. In Subsection 2.1, we first recall some notions and 
results on Muckenhoupt weights; then, in Subsection 2.2, we establish the weighted off- 
diagonal estimates for in Subsection 2.3, we introduce the weighted tent space and 
establish its atomic decomposition. Section 3 is devoted to the proof of Theorem 1.8, while 
Theorem 1.4 is proved in Section 4. 

We end this section by making some conventions on notation. Throughout this article, 
Lyj always denotes a degenerate elliptic operator as in (1.3). We denote by C a positive 
constant which is independent of the main parameters, but it may vary from line to line. 
We also use C(^a,/3,...) to denote a positive constant depending on the parameters a, /3, .... 
The symbol f ^ g means that / < Cg. If / < 5 and g ^ f, then we write f ^ g. For 
any measurable subset E of M"', we denote by the set W^\E. Let N := {1, 2, ...} and 
Z_|_ := N U {0}. For any closed set F C M”, we let 

(1.6) R{F) := U F(x), 

x£F 

where F(x) for all x G T is as in (1.4) with a = 1. For any ball B := {xb,'I"b) C M"', 
a G (0,oo) and j G N, we let aB := B{xB,C(rB), 

(1.7) Uo{B) := B and Uj{B) := {2^B) \ {2^-^B). 


2 Preliminaries 

In this section, we hrst recall the definition of the Muckenhoupt weights and some of 
their properties. Then we establish the weighted full off-diagonal estimates for L^, which 
play a key role in the proofs of our main results. Finally, we recall the dehnition of the 
weighted tent space and its atomic decomposition, which is used in Section 3. 


2.1 Muckenhoupt weights 


Let q G [1, oo). A nonnegative and locally integrable function w on M"' is said to belong 
to the Muckenhoupt class Aq(M"'), if there exists a positive constant C such that, for all 
balls B C M”, when q G (l,oo). 



< C 


or, when q = 1, 

—— / w(x)dx < C ess inf w(x). 

\B\ Jb xgs ' ' 

We also let Aoo(M”) := oo)Ag(M”') and w{E) := f^w(x)dx for any measurable set 
E CW^. 

Let r G (l,oo]. A nonnegative locally integrable function w is said to belong to the 
reverse Holder class i?iLr(M”), if there exists a positive constant C such that, for all balls 
B C 



< C- 


\B\ 



dx, 
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where we replace J^[w{x)Y by when r = oo. 

We recall some properties of Muckenhoupt weights and reverse Holder classes in the 
following two lemmas (see, for example, [18] for their proofs). 

Lemma 2.1. (i) If 1 <p < q < oo, then C Hp(]R”) C 

(ii) Hoo(lK."') := Upg[i^oo)Hp(]R."') = 

Lemma 2.2. Let q £ [l,oo) and r £ (l,oo]. If a nonnegative measurable function w £ 
AgfUL) n RHr{ML), then there exists a constant C £ (l,oo) such that, for all balls B C M” 
and any measurable subset E of B, 




1^1 

B 


< 


w{E) 

w{B) 




2.2 Weighted full off-diagonal estimates for 

In this subsection, we first recall the definition of weighted off-diagonal estimates on 
balls from [Ij. Then we show that, if the matrix A associated with Ly^ is real symmetric, 
then, for any p £ [1, 2), — L‘^)- Finally, we prove that, in the general 

case, for n > 3, /c £ Z_|_ and {tLy,)^e~^^^ £ Fw{L'P~ — if). 

Definition 2.3 ([1]). Let p, q ^ [l;Oo] with p < q, w ^ doo(M"') and {Tt}t>o be a family 
of sublinear operators. The family {Tt}t>o is said to satisfy weighted U^-L^ off-diagonal 
estimates on balls, denoted by Tt £ Oy,{LP — L^), if there exist constants Oi, 62 £ [0, 00 ) 
and ( 7 , c £ (0,oo) such that, for all t £ (0, 00 ) and all balls B := B{xB,rB) C M” with 
xb £ M” and rg £ (0, 00 ), and / £ {w, M"-), 


( 2 . 1 ) 


1 


w{B) 


^ B 


\Tt iXBf) ix)\'^w{x) dx 


1/q 


< C T 

and, for all J £ N with j > 3, 

f 1 /■ , 


rB 


02 f 1 


ti/2;j \w{B) 


\f{x)fw{x) dx 


'I i/p 


IB 


and 

( 2 . 2 ) 


!/<? 


[ w{2fB) Juj(B) 

< (72^'^! 


Tt iXBf) (xf’^wix) dx 




02 


\ 1 

e ‘ 


w{B) 


'B 


\f{x)fw{x) dx 


i/p 


\Tt{xufB)f)ixWwix) dx 


1/9 


< (72^'^i 


T 


V 


02 


1 


1/p 


w{2^B) Juj(B) 


\f{x)fw{x) dx 
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where Uj{B) is as in (1.7) and, for all s € (0,oo) 


= max 



By borrowing some ideas from the proof of [1, Proposition 3.2], we obtain the following 
conclusions. 

Proposition 2.4. Let w € Aoo(K"') H RHs(W^) with s E (l,oo] and {Tt}t>o be a family 
of sublinear operators. 



(a) If s = oo and Tt G Ow{LP° — L^) with I < po < 2, then Tt G — L^). 

Proof. To show (i), let E, F be two closed sets of M”, t G [0, oo) and / G LP{w^^ E) with 
supp f C E. We now consider two cases. 

Case 1) d{E, F) > 0 and 0 < t < In this case, let r := and choose 

a family of balls, Bf^ := B{xk, r) with /c G N and G M”, such that, for any ki ^ k2, 
\xki — iCfcal > § and = M"'. Observe that, if x G F and y ^ E, then |x — y| > 

d{E, F) = 16r. Thus, if x G B^ for some A: G N, then y ^ 4:Bk, which further implies that 
there exists some j > 3 such that y G Uj{Bk). Let A := {k € N : F n / 0}. By 
the fact that supp / C F, the Minkowski inequality, the Holder inequality and (2.2) with 
q = 2, p = pq and B = Bk, we see that 


( 2 . 3 ) \\Tt{f)\\h^^,F) 




2 


X 


X 



Since p G (1, 2), we see that s = (1 — 


G (l,oo). From the fact w G FFs(M"') and 
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the assumption 0 < t < it follows that, for all A; G ^ and j > 3, 


(2.4) 


[w{ 2 ^Bk)Y^ ro 


l 2 jBu 


/I P0\ P 
^ ’p-po 


1 1 

PO P . 11 

< \ 2 ^BkY—p 




It is easy to see that there exist positive constants ci and C 2 such that 




T 


2 Y 

VlJ\ 


02 


< p-ci4V-C2 4 


By this, (2.4), (2.3), the Holder inequality, 2/p > 1 and the fact that r = , we know 

that there exist positive constants c and c such that 

(2.5) I|rt(/)||i2(^,^) 


< 

rsj 


< 


< 


< 

rs^ 


_ n / 1__ l_-\ r'^ 

f 2'.p 2''g-C2 — 


_/i_l-\ 

f 2 V p 2 ^ g ^2 — 


E 

k£A I i=3 


—ciR 




\f(x)\P[w{x )]2 dx 


1 ^ 2 
P 


E e«-“7 i/( 

. I JUj{Bu) 


t 2''P 2 >q t 


Ad(E,F)]2 

t 2''P 27“ i 


fcG^ [ i=3 
2 


a;)|^[tc(x)] 2 dx 


f |/(x)7[u;(x)] 2 dx 

77 77 0f/, (Sfc) 


k€Aj=3 


Z] ® ''^'xr/,(Sfe)(a;)l/(a;)r[w^(®)] 2 dx 


j=3k&A 


Notice that, for all x G M"’, there exists some fco G N such that x G Bk^- Then, we know 
that, for all j > 3, 

J] Xu,{B,){x) < KA: G N : x G 2^Bk} < ^{A; G N : x^ G B{xk,,2^+Y)} < 27^+3), 
k&A 

which further implies that there exists a positive constant C such that, for all x G M”, 


E E Xv,iB,)A) < E < C < oo, 

j=3k&A j=3 

From this and (2.5), we deduce that, for all 0 < A < 


( 2 . 6 ) 


n,l l^ [dfB.FIl 


16 J ’ 
2 


Lp(w'^ , E) 

Case 2) t > ■ In this case, let r := Yt. We also choose a family of balls, 

{-BfcjfceN = {-^(s^fc, r)}fcgN) as in Case 1), where A: G N and x^ G M”. Let also 

^:={A:GN: FnHfc7 0}. 
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Then, by the Minkowski inequality, we see that 

ll^t(/)llL2(t«,F) ^ X] [ \Tt{f){x)\‘^w{x)dx 

A 'A Bu 


keA 


< 


u,~ A \ A _n Bu 


I j = 0 


w{x) dx 


For j G {0, 1, 2}, we use (2.1) with B = ABk to bound it. Then, by (2.2) and an argument 
similar to that used in the estimate of Case 1), we obtain 




LP{w^,E) 


. Jd{B,F)]2 

<t 2^e-c- 1 — 


LP{w^ ,E)' 


This, together with (2.6), then completes the proof of Proposition 2.4(i). 

To show (ii), we use the same method as that used in the proof of (i). In this case, we 
also first assume that d{E, F) > 0 and 0 < t < By the same argument as that 

used in (2.3), we know that 

(2.7) l|Tt(/)lli2(^,F) < X] / l^t(f)(x)l^w(x)dx 


k€A' 


Bk 




k£A (^1=3 



1 ') 

2 

'w{x) dx 



< 


I oo 


< 


k&A Ii =3 


’Uj{Bk) 

I CXD 


T 


2 h\ 

Vt)\ 


02 


4^7-2 . 1_ 1_ 

e ^ t [w{2^Bk)]^ po 


E E^"' 


\f{x)\^°w{x) dx 


j_ ^ 2 

PO 


k^A 


T(^jJ e“'=^[u;(2^Bfc)]2 po 


i 


\f{x)f° [r(;(x)]^ dx 


Uj{Bk) 


J_ 

PO 


\w 


J__ 1 
I PO 2 

\L-°{VBk) 


] 


From w G RH^ 


’■) and 0 < t < r^, it follows that, for all /c G and j > 3, 


w 


J_i_ 

PO 2 


11 . 11 

P0<|2^S,|2 P0<r"(2 P0^<t2(5 


By this, (2.7) and an argument similar to that used in the proof of Case 1) of (i), we see 
that, for all 0 < t < 
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When t > by an argument similar to that used in the proof of Case 2) of 

(i), we know (2.8) also holds true. This finishes the proof of Proposition 2.4(ii) and hence 
Proposition 2.4. □ 


Remark 2.5. From [16, Theorems 1 and 5], we deduce that, if the matrix A associ¬ 
ated with Lw (see (1.3)) is real symmetric, then and have 

heat kernels. Moreover, the heat kernels both satisfy the weighted Gaussian bounds 
(see [16, p. 1 (2)]). By [1, Proposition 2.2], we know that the weighted Gaussian bounds 
([16, p. 1 (2)]) is equivalent to the weighted L^-L°° off-diagonal estimates on balls. Since 
Ou]{L^ — L°°) C Ow{LP — L^) with I < p < q < oo (see [1, Comments 4]), if follows that, if 
the matrix A is real symmetric, then, for any po G [1; 2), € Ou){IA’° ~-b^)- From 

Proposition 2.4, we further deduce that, for any p € [1, 2), G ^w{L^ — L"^)- 


Generally, we have the following conclusion. 

Proposition 2.6. For n > 3, let w~^ G T 2_2 (M”), p_ = and Lyj he the degenerate 

n ' 

elliptic operator satisfying (1.1) and (1.2). Then there exist positive constants C and C 

P — 

such that, for all closed sets E and F, t £ (0, oo) and f G LP-{w~ , M”) supported in E, 


(2.9) 


tL'n 


(/)l 


_n / 1 

^ 2 , ^,<Ct 

L^{w,F) — 


_1) ^ [d(E,F)]^ 


LP-(ii 


,E) 


The proof of Proposition 2.6 relies on an exponential perturbation method from [17] 
and the boundedness of the Riesz potential in weighted Lebesgue spaces from [35]. We 
first introduce some notions and lemmas. 

Let T(R"') be the set of all bounded real-valued functions (p G C°°(M"') such that, for 
all multi-indices a G (Z+)"' and jaj = 1, < 1. Now, for i' G M+ := (0, oo) 

and (p G T(M"'), let 

( 2 . 10 ) 


For all f,g£ HKw, M”), the twist sesquilinear form is defined by setting 

au,<j>if^ 9 ) ■= [ ^(a;)V(e“‘'‘^/)(x) ■V{e’'^g){x)dx. 

JR” L J 


Then, by the definition of L^, we know that 


( 2 . 11 ) 


^v,4>{.f) g) — {Lv^(p{f), 9) 1,2 



Ly^ 4 >{f){x)g{x)w{x) dx. 


Let be the heat semigroup generated by Ly^p. 

Notice that the conditions (1.1) and (1.2) imply that Lyj is of type w, where u := 
arctan(A/A) G [0, |); see [34] (also [13, p.293]) for the details. Hence, for z G S(7r/2 — w), 
where 

S(7r/2 — (u) := {2 G C \ {0} : j arg 2 ] < 7r/2 — cu}. 




it holds true that 
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where 

r := 7 '’' U 7 ” := |z G C : z = r*®, r G (0, oo)| G C : z = r G (0, oo)| 

for some 9 G (vr/2 + |arg( 2 :)|, tt — uj). This, together with (2.10), implies that, for all 
t G (0, oo), 

( 2 . 12 ) ^ 


The following two lemmas are, respectively, [43, Lemma 2.4] and [43, Lemma 2.5]. 

Lemma 2.7 ([43]). Let w G ^ 2 ( 1 ^"') o,nd L^, be the degenerate elliptic operator satisfying 
the degenerate elliptic conditions (1.1) and (1.2). Then there exists a positive constant C 
such that, for all v G M+, (f G T(M"') and f G TLq{w, M""), 

(2.13) \a,,^{f, f)-a{f, /)[ < i5R{a(/, f)} + 

Lemma 2.8 ([43]). Let w G ^ 2 ( 1 ^"')? k G Z_|_ and L^ be the degenerate elliptic operator 
satisfying the degenerate elliptic conditions (1.1) and (1.2). Then there exist positive 
constants Co and Ci such that, for all v G M+, cf G £{MT), t G (0, 00 ) and f G M”), 


(2.14) 




1,2 




< Coe' 


CiCt 


II/IIl2(^ 


Let 1 < p < q < 00 . Recall also the following definition of 24p^g(M"') weights from 
[35]. A nonnegative and locally integrable function w is said to belong to the weight class 
Ap,,(M-), if 


w 


:= sup 
BCK" 


u 


[w{x)]'^ dx> < / [tc(a:)] ^ dx> < 00 , 


IB 


where the supremum is taken over all open balls B C ffi” and p' := denotes the 
conjugate exponent of p. 

We are now in a position to prove Proposition 2.6. 


Proof of Proposition 2.6. Let := It is easy to see that ^ ^ = 1 and 


(2.15) 


1 1 _ 1 1 _ 1 

2 p_(_ p_ 2 n 


It is well known that w G Ap^g(M"') if and only if rc p' G p/(M") (see [35, pp. 266-267]), 

q 

where 1 < p < q < 00 . Hence, w~^ G A 2_2 (M"') is equivalent to G A 2 ,p_,_(M"'). Then, 

n 

by [35, Theorem 4], we know that the Riesz potential 


(-A)-‘''2(/){x) 


1 

7(1) 



fjy) 

X — y\^~^ 


dy, 
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where x € M” and 7 ( 1 ) = 27r2r(i)/r(^^), is bounded from L'^{w, M"’) to LP+{w 2 , M”'). 
Therefore, for all g G L'^{w, M”), 


(-A)-5 (g) 


LP+(«;^,R") 


< 


\\9\ 


L2{w,R’^) ■ 


Moreover, since, for any u G C“(]R"') and x G M"", it holds true that 


( 2 . 16 ) l»(*)l</ J^h!)^d„<(_A)U(|Vu|)W 

jr^ y\ 

(see [37, p. 125]), this, combined with a density argument, implies that, for all h G 

nliw, M"), 


(2.17) 

Now, for all t, zz G (0, 00 ), (j) G T(M"') and / G L‘^{w, M”), let ft := By 

(2.17) and the degenerate elliptic condition (1.2), we obtain 

(2.18) < l|V(/,)||i.,„,,», < [S{o(/„ /,))]F2 . 

From Lemma 2.7, it follows that 


ft)] < miaift, ft)}-^{a.,^{ft, ft)}\ + m{a.,^{ft, ft)}\ 

< ft)} + Cu^\\ft\\l 2 ^^^Rr.) + K, 4 ft, ft)\, 

where the positive constant C is as in Lemma 2.7. This, together with (2.18), (2.11), the 
Holder inequality and Lemma 2.8, implies that there exists a positive constant Mq such 
that 


(2.19) ll/tl 


L^+ [w 




< 


< 

rsj 


< 

r\j 


ll/t|lL 2 (^^Rn) + \au,(l,{ft, ft)\ 


1/2 




1/2 


^2^2Ctuh 


< ^-l/2^Mou^t 


^ _|_ z 

L'^{w,R^) + 

L2(iO,R")! 


L2(w),R") 


1/2 


where the positive constant Ci is as in Lemma 2.8 and the implicit positive constants are 
independent of t, z/ and /. 

Take (j) G T(M”) satisfying (j)\E > 0 and , where e is some suitable positive 

constant. By this, (2.12) and (2.19), we see that, for all g G L'^{w, F) supported in F, 


( 2 . 20 ) 


n —tLu 


(g)|| p+ 




LJ’+ (w^ ,E) 


< 


e (F'^^g 


LP+ {w^,E) 
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< t-V 2 gMoi^ t 


L^{w,F) 

L'2(w,F)i 


where the positive constant Mq is as in (2.19). This, combined with the choice that 
_ d(E, F) 

Cot 

that, for all g G F) supported in F, 


V := ' with Co > (1 + e)Mo, implies that there exists a positive constant Kq such 

Cot 


(2.21) ||e-‘^-(5)|| 


p+ 


LP+ {w^,E) 


< t 


riel Afn m [d(B, F)]^ 

-V2g-lco^^"c^^J-^- 


\l^[w,F) 




Using duality, the Holder inequality, (2.21) and (2.15), we conclude that, for all / G 

— 9 

U’-{w 2 , E) supported in E and g G L‘^{w, E) supported in F, 


e ^^^{f){x)g{x)w{x)dx 




f {x)e~^^^ {g){x)[w{x)Y^+ dx 


< \e ^^'^{g){x)f^ [w{x)] ^ dxj |^ |/(x)|^ [u;(x)] 2 dx 


i/p_ 


--f —-t") [d(B,r’)]2 

2 Vp_ 2> „-Ko 


< t 


\\^\\L^(-’’F)\\fKp-iJ-F,Ey 


where the positive constant Kq is as in (2.21). By this and the dual representation of the 
L'^{w, F) norm of e“*'^“(/), we see that 


.-tLZ 


if) 


‘ II j II V- 

L‘2(w,F) " "lP-{w^,E) 


Observing the above estimates also hold true via replacing e by e , we then com¬ 
plete the proof of Proposition 2.6. □ 


2.3 Weighted tent spaces 

For all measurable functions / on and x G M"", let 


A{f){x) := 


r(x) 


\fiy,i)\' 


dy dt 

tn+l 


1 1/2 


where r(3:) is as in (1.4) with a = 1. For all p G (0,oo) and w G Hoo(M”), the weighted 
tent space TP{Rl+^) is dehned to be the space of all measurable functions / such that 
||/||^P(]g™+i) := ||d(/)||j;^p(^^]Rn) < 00 . When w = 1, the space r^(M”“’"^) was studied in 

[10] and is simply denoted by 
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For any open set O C M”, the tent over O is defined by 

O := {{x,t) G : dist (x, > t}. 

Let p G (0,1] and w G A measurable function a on is called a {w, p, oo)- 

atom if there exists a ball B C M” such that 

(i) supp a C B] 

(ii) for all q G (1, oo), 


irp(R"+L 


n+l\ ! — 



a(y,t)P 


dy dt 



< \B\i [tc(i?)] p. 


Remark 2.9. (i) Every {w, p, oo)-atom a belongs to and ||a|| 2 ^P(]u"+i) < C, 

where the positive constant C is independent of a (see [4, p. 7]). 

(ii) If supp / C R for some ball R C M”, then supp A{f) C R. 

The following lemma is needed in the proof of Theorem 1.8. 


Lemma 2.10. Let a be a {w, p, oo)-atom, with w G a1oo(1K") andp G (0,1], and supp a C 
R. Then, for any pi G (l,oo), there exists a positive constant C, independent of a, sueh 
that ^ ^ 

Proof. Since w G a1oo(M”’), by Lemma 2.1(ii), we know that there exists some r G (l,oo) 
such that w G where 1/r + 1/r' = 1. From this, Remark 2.9(ii) and the Holder 

inequality, it follows that 


Tf} (K"+^ 


r{x) 


\aiy,t)\' 


dy dt 
fL+T 


PI 

2 


w{x) dx 


1 

PI 



2 dydt 


r(ai) ^ 


rpi 

2 


1 

rpi 


dx 


Ib 


[w{x)Y' dx 


1 

’'pi 


< |R|’’PI [rcfR'll p|R|^ PI I'tcfR'll PI < [rcfR'll pi p, 


which completes the proof of Lemma 2.10. □ 

An important result concerning weighted tent spaces is that each function in 
has an atomic decomposition. More precisely, we have the following result, which is a 
slight variant of [4, Theorem 2.6]. 

Lemma 2.11 ([4]). Let p G (0,1], w G Aoo(M"') and f G r^(M((.'''^). Then there exist 
a sequence of {w, p, oo)-atoms, {aj}jgN, and a sequence of numbers, {Xj}j£N C C, such 
that 


/ = ^ A,a 




JGN 


( 2 . 22 ) 
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where the series converges in Moreover, there exist positive constants C and 

C, independent of f, such that 

- i/p 

ieN 

Furthermore, if f & H then the series in (2.22) converges in both 

rP(M!^+i) andr2(M"+i). 

Proof. By [4, Theorem 2.6], we only need to show that ||/|| 7 ’P(r"+ 1 ) ^ 

the last conclusion of this lemma, concerning the convergence of the series in 

(2.22). For all € N, let 

N 

Sn '■= ^jO-j- 
i=i 

From Remark 2.9(i), it follows that {S'ArjwGN is a Cauchy sequence in r^(M"'’'^) and 
ll'^■^^llT£(R"+l) ^ {SjeN Since Sn converges to / in r^(M!j:’''^) as N ^ oo, we 

find that ||/||rP(R:^+i) ^ (EjeN 

Similar to the proof of [29, Proposition 3.1] (see also the proof of [27, Proposition 3.32]), 
we further conclude that, if / G r^(M"’''^) n r^(M"’''^), then the series in (2.22) converges 
in both r^(M”'''^) and r^(M”'’'^), which completes the proof of Lemma 2.11. □ 



3 Proof of Theorem 1.8 


In this section, we give the proof of Theorem 1.8. To this end, we first introduce some 
technical lemmas. 

The following lemma is a well known result (see, for example, [40, Theorem 2, p. 87]). 

Lemma 3.1. Let 4) G 5(M”) satisfy ‘h(x) dx = 0, ^t{x) '■= ^4>(|) for all x G M” and 
t G (0,oo), and w G ^ 2 ( 1 ^"')- The Littlewood-Paley g-function < 7 $ and square function 5$ 
are defined, respectively, by setting, for all f G S'(W^) and x G M”, 








and 

S<s>{f){x) := 
Then 5 $ and are bounded on L?‘{w, 


T(a;) t ^ 


1 1/2 


Remark 3.2. Let w G 2 l 2 (M"'). Then it is easy to show that, via the pairing {f,g) := 
/ftn f{x)g{x) dx, where / G Lp‘{w, M”) and g G Lp‘{w~^, M”), Lp‘{w~^, M”) and the dual 
space of L?‘{w, M”) coincide with equivalent norms. 
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The following lemma plays a key role in the proof of Theorem 1.8. 

Lemma 3.3. Let G 5(M”) satisfy ^{x)dx = 0, for all x G M"" and 

t G (0,oo), and w G For any a G and x G M”, let 


dt 

(3.1) 7r$(o)(x) := / (a(-, f) * ^>t) (x) —. 

Jo ^ 

Then 7r$ is bounded from to L‘^(w, M”). 

Proof. Fix any a G and let <h(x) := <h(—x) for all x G M"'. Then, for any 

/ G M"’) with ||/||l 2 (io-i,K") = 1, by the Fubini theorem, we see that 


/* POO P 

(3.2) (7r$(o),/) = / -K^{a){x)f{x)dx = / / {a{-,t) * <^t)ix)f{x) dx 

Jr” Jo Jr” 

= [ f a{y,t) f) {y)dy^ 

Jo Jr^ t 


dt 

T 


dx , dt 
t 


[ [ [ a{y,t) (^t* f) {y)^dy 

Jo Jr^ JB{y,t) ^ y t 

I 

JR^ 


^ a{y, t) * /) (y) dx. 

Since w G ^ 2 ( 1 ^"') is equivalent to w~^ G ^ 2 ( 1 ^"')) by (3.2), the Holder inequality and 
Lemma 3.1, we find that, for all / G M"’) with ||/||l 2 (^-i = 1, 


KTi"-!-, 5)1 


< 


r(x) 


|a(2/,i)| 


2 dy dt 
~fL+T 


r(^) 


* 


/) (y) 


dy dt 
IF+T 


dx 


< 


ll^(“)llL2(to,R'*)lb$(/)llL2(«;-i,M") ^ II®IIt2 (]r"+1)- 


From Remark 3.2, we further deduce that ||vr(a)||i 2 (^„_Rn) < ||a||j, 2 (Rn+i^, which completes 
the proof of Lemma 3.3. □ 


By an argnment similar to that nsed in the proof of [32, Lemma 6], we see that the 
following lemma holds true, the details being omitted. 

Lemma 3.4. Let y? G 5(M"'). Then the condition J^.^ip{x)dx = 0 is equivalent to that 
there exist elements xfk G 5(M"'), A: G {1, ..., n}, such that 

n 

T = '^dk'fpk- 

k=l 


To prove Theorem 1.8, we also need the following local weighted Sobolev imbedding 
theorem (see [23, Theorem (1.2)]). 

Lemma 3.5 ([23]). For any given p G (l,oo) and w G Hp(M"'), there exist positive con¬ 
stants C and 6 such that, for all balls B = B{xB,rB) o/M"’ with xb G and vb G (0, 00 ), 
u G Cf°{B), and numbers ko G (0,oo) satisfying 1 < ko < + <5, 


w{B) 


'B 


\u{x)\^°^w{x) dx 


1 

kgp 


<CrB 


1 

w{B) 



\V u{x)f‘ w{x) dx 


1 

P 
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We are now in a position to prove Theorem 1.8. 


Proof of Theorem 1.8. Take ip G C'^(i?(0,1)) satisfying t\f\‘^\ip{tf,)\‘^ dt = 1 for all 
f G M” \ {0} (for the existence of such functions, see [25, Lemma 1.1]). In what follows, 
for a function ip : R, t G (0, oo) and x G R”, let ipt{x) := -^ip{j). 

Let / G TLliw, R") n V/ = {dif, ..., dnf) =: (ffi, ..., Qn) =■■ g and, for all 

{x,t) G R”’*'^, define 

n 

F{x,t) := t dw {g * ipt{x)) = '^gj* {djip)t{x). 

i=i 

By [40, Theorem 2, p. 87], we know that, for all j G {1, ..., n}. 


\\Sdj:f{gj)\\LP{w,R^) ^ lbillHP(K’^)) 

where p G (0,1]. This further implies that, for every i G |1, ..., n|, qj*(diip)t G T^fR”"''^). 
Thus, F . «««) a..d ||F||,j,.„, < IIV/IUj,.., 

On the other hand, noticing that, for every j G {1, ..., n}, the square function Sp.^p is 
bounded on L‘^{w, R”) (Lemma 3.1) and gj G L‘^{w, R""), we have Sg.tp{gj) G L‘^{w, R”), 
which further implies F G T^(R!(.'''^). 

Thus, F G r^(R!(.'''^) n T^(R!(.'''^). From Lemma 2.11, it follows that there exist a 
sequence of numbers, C C, and a sequence of [w, p, oo)-atoms, {afejfceN) such 

in rp(R”+i)nr2(R”+i) 


From Lemmas 3.3 and 2.10, we deduce that, for every j G {1, ..., n}, 

OO 

(3.3) T^dj^{.F) = '^XkT^a.^{ak) in L^(r/;, R”) 

k=l 




and 




k=l 


oo 'j p 

IP I 


El-'*!’ 


.fe=l 


and 

l_i 

(3.4) \\'^djip{oik)\\L'^{w,W') ^ C’lloifc II J.2 Fi C\w{Bk)\‘^ P. 


where ttq.^p is as in (3.1) with 4) replaced by djip and the positive constant C is independent 
of k. 

Since, for every A: G N, Ofc is a {w, p, oo)-atom, we know that there exists some ball 
Bk ;= B{xk,rk) with Xk G R"' and G (0, oo) such that supp C Bk and, for every 
q G (l,oo), 




oik{y,t)\‘^ 


dy dt 



< iBfcl-J [u;(Bfc)] p. 


(3.5) 
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For every A; G N and x G M”, let /3fc(x) := — dt and := cB^, where 

the positive constant c G (l,oo), independent of k, will be determined later. Next, we 
prove that, for every A: G N, 

13k G nliw, Bk) 

and 

(3.6) bjf ■ (o^fc)) ■ ■ ■ ) ^Pk- 

Since supp ak C Bk, it is easy to see supp f3k C Bk- By the fact that ak is a {w, p, oo)- 
atom, the Minkowski integral inequality, the Young inequality and the Holder inequality, 
we further know that 


(3.7) 




< 


< 


< 


p poo 

/ / {aki-,t) * pt)ix)dt 

Jo 

r r 

/ / \{aki-,t) * ipt)ix)\‘^ dx 

Jo Ljk" 

[ f \ak{x,t)\'^ dx [ \(pt{x)\ 
Jo J 

rrk r 

Jo Jr-' 


dx 


dt 


\akix,t)\- 


dx dt 


< oo, 


where the last inequality follows from (3.5) with q = 2. Thus, f3k G L^(M"'). 

For every A: G N, (5 G (0,rfc) and x G M”, let Fk^six) := f^(ok(-,t) * ipt){x)dt. Then 
supp Fk^s C Bk- From an argument similar to that used in the estimate (3.7), it follows 
that Fk^s £ T^(M"’) and 


(3.8) 


lim - /3fc||L2(Rn) = 0. 


Next, we prove that, for any A: G N, (5 G (0, r^) and almost every x G M"’, the partial 
derivatives of Fk^s exist. 

For any i G {1, ..., n}, let e* := (0, ..., 0, 1, 0, ..., 0) G M” be the standard 
coordinate vector and h G (0, oo). Then, we see that, for every x G M”, there exists some 
0 G (0,1) such that 


(3.9) 


Fk^sjx + hej) - Fk^sjx) 

= irt[ ak{y,t) 

^ Js Jr^ 

= [ [ oik{y,t)^{dip) 

Js Jr-^ ^ 


1 

¥ 


X + hsi - y 
t 

X + Ohsi — y 


dy 


dt 

T 


x-y 

t 


dy 


dt 


Since p G C^{B{0, 1)), it follows that, when 0 < h < 6, there exists a positive constant 
depending on p, such that 


(3.10) 


akiy,t) — {di(p) 


X + Ohsi — y 
t 


dy 
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< C(^) 


/ Wk{y,t)\^ 
JR" ^ 


XS(0,2) 


x-y 

t 


dy 


= C'(^) (|afc(-,i)l * {xB{o, 2 ))t) (x) =■■ G{x,t). 


By the Minkowski integral inequality, the Young inequality, the Holder inequality, (3.5) 
with q = 2 and the fact that Ok is a {w, p, oo)-atom, we conclude that 


2 dt 


poo Hf r°° r 

/ |G(x,t)|— dx>< / \G{x,t)\‘^ dx 

Js ^ J J Js LjR" 

nk 

< C'((/3) / ll«fc(')^)llL2(R") (X_B(0,2)) 

J 5 

~ r'f'k r 

/ / |afc(a:,i)| 

Jo JR" 


— ^{‘PXk,s) 


dx dt 


dt 

L1(K") i 
< oo. 


which implies that, for almost every x G M”, \G{x,t)\ ^ < cc- By this, (3.9), (3.10) 

and the dominated convergence theorem, we find that, for almost every x G M”, 

dt 

diFk,5{x) = / {ak{-,t) * {di(f)t) {x) 

Js t 


Moreover, by a simple calculation, we further see that diFk^s-, * G {1, ..., n}, is just the 
weak derivative of F^^s- From an argument similar to that used in the proof of Lemma 
3.3, we conclude that, for every A: G N, 5 G (0, r^) and i G {1, ..., n}, diF^^s S L‘^{w, M”) 
and 


(3.11) lini ||VFfc ,5 - hfc||L 2 (^ Rn) = 0. 

Take cj) G (^“(^(0,1)) satisfying J^^(j){x)dx = 1 and let </>£(x) := ^</>(|) for all 
X G M” and £ G (0,oo). Since, for all A:, n G N, supp F^^ipn C F^pijn S L^(M") 
and F/Fkpjn S L‘^{w, M"'), from [37, p. 123], [18, Theorem 2.1] and [41, Theorem 2.1.4], it 
follows that there exist a sequence {e„}rigp} of positive numbers satisfying lim^^ooe^ = 0 
and a positive constant c G (1, oo) such that 

h,l/n ■= Fk,1/n * G G^{Bk) with Bk = cBk, = {VFkp/n) * 


(3.12) 

and, for w G H 2 (M”'), 

(3.13) 


Fk,l/n Fkpjn 


'^Fkp/n ^Fk^l/n 


< 2 " 


L^(w,'MX) 


< 2 " 


From (3.13) and (3.11), we deduce that 


(3.14) 


lim 

n—^oo 




L'^{w,'MX) 


= 0 . 


























Riesz Transform Characterizations 


21 


By this, the fact that G 0^(3^) and Lemma 3.5, we know that {i^fc,i/n}neN is a 

Cauchy sequence in L‘^{w, B^) and 


(3.15) 


^k,l/n 


~ < Cvk 


VF, 


k^Xjn 


L^{w,Bk) ’ 


where the positive constant C is independent of k or n. Therefore, there exists a function 
Qk G L‘^{w, M”) such that 


(3.16) 


lim 

n—^oo 


^k,£n 9k 


L^(w,R”) 


= 0 , 


which further implies that there exists a subsequence of {Fk^cn}neN (without loss of gen¬ 
erality, we use the same notation as the original sequence) such that, for almost every 
X G M"', lim„_^oo Fk^eA^) = 9k{x)- 

On the other hand, by (3.12) and (3.8), we see that lim„_).oo \\Fk,£n—fik\\L'^{Mp-) = 0, which 
further implies that there exists a subsequence of {Fk^en}neN (without loss of generality, we 
use the same notation as the original sequence again) such that, for almost every x G MT', 
lim„^oo (a;) = Pkix). 

Therefore, for every /c G N, /3fc = < 7 ^ G Lp‘{w, M”). From this, (3.14), (3.15) and (3.16), 
we deduce that 

= 0 , Pk enliw, Bk), V/3k = bk 

and 


This, together with (3.4), further implies that, for every A: G N, /3fc is an Lf.i’^(M”')-atom 
associated to the ball Bk up to a harmless positive constant independent of k. 

By (3.3) and (3.6), we see that 

00 00 

(3.17) ^AfcV/3fc = ^Afc 6 fc = - 

k=l k=l 


V{F*^t)dt in L 2 (u;, M”). 


Next, we prove 


(3.18) 


f 


V {F *(pt) dt = g = V/ 


in L‘^{w, R*"). 


Since, for any u G C')?°(R”) and all ^ G R”, it holds true that 



[tdiv((Vtt) *(pt)] (ftdt 


(0 


f 

Jo 


{[tdiv ((Vu) * Lpt)] * (0 dt 



{Ov{ti)dt 
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^CXD ^ poo ^ 

= t'^[Cj^{tC)fu{0 dt 

Jo Jo 

poo 

= d{0 / t[\^MtC)?dt = u{C), 

Jo 

then, it follows that — [t div ((Vu) * ift)] fftdt = u and hence 

V [t div ((Vu) * (ft)] ^pt dt = 'Vu, 

which, together with / G TJ^iw, M”) and a density argument, implies that (3.18) holds 
true. 

Hence, from (3.17) and (3.18), it follows that 

OO 

(3.19) V/ = ^AfcV/3fc in ^^(u;, M*^), 

k=l 

where {(3k}k€N is a sequence of 77(l,’^(M"')-atoms up to a harmless positive constant. 

To complete the proof of Theorem 1.8, we still need to show (1.5). From (3.19), it is 
easy to see V/ = AfcV/3fc in 5'(M”), which further implies that, for any r] G 5(M”), 



/ 

Jm.-' 


f{x)Vr]{x) dx 



f5k{x)Vrj{x) dx. 


Then, by Lemma 3.4, we obtain (1.5), which completes the proof of Theorem 1.8. □ 


4 Proof of Theorem 1.4 

Proof of Theorem 1.4- By [43, Theorem 1.6], we know that, for p G 1], w G 4qp(M") 
with qo G [1, and / G L7£^(M”') fl L‘^{w, M"), 

(4-1) Riesz(*") ^ < || / || (R™) , 

which implies that 

(4.2) n L\w, M")) C (77^„,Riesz(I^") ^ L‘^{w, M")) . 

Next, we prove the reverse inclusion. To this end, we only need to show that, for any 

M-), 

(4-3) ll^lli^£^(R") ^ 

Let / := Then, by [31, p. 281, Theorem 3.35] and [15, Theorem 1.1], we see 

that / G Uliw, M^) and \\V ~ llLi/^/ll 2 , 2 (^_Rn). For any x G M", let 

1/2 


11 t'\/Lw^ 

J Jt{x) 




h{y) w{y) 


dy 


dt 


w{B{x,t)) t 


Si{h){x) : 
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Similar to proofs of [27, Proposition 4.9 and Corollary 4.17], we conclude that 

ll*S'l(/l)||LP(to,K") ~ \\h\\HP^(R”)- 

Therefore, to prove (4.3), it suffices to show 


(4.4) 


5i VT 


< 


LP(w,R^) 


II^/IIr£(R")- 


Since / G n^iw, and V/ G i7£(]R"), we see that / G n^iw, R") n Then, 

by Theorem 1.8, there exist a sequence of numbers, C C, and a sequence of 

i7([,’^(R"')-atoms, {l3k}keN^ such that 


(4.5) 

and 


V/ = ^AfeV/3fc inL^iw, 


k=l 




< 

rsj 


ll^/llRg,(R")- 


.k=l 


We claim that, to prove (4.4), it suffices to show that, for any 77([,’^(R"')-atom a, there 
exists a positive constant C, independent of a, such that 

(4.6) Si(^/lZ{a)) ^ <C. 

Indeed, since has a bounded 77oo calculus in Lp‘{w, R"') (see [13] and [34]), by [5, p. 487] 
(see also [34, 30]), we know that Si is bounded on Lp‘{w, R"'). Therefore, by this and [15, 
Theorem 1.1], we have 


(4.7) 


Si VT 


< 


L2(u!,R’^) 

From (4.7) and (4.5), we deduce that 


V^(/) 


L^{w, R*^) 




lim 

N^OO 


Si JL 


-Si (e Afc/3fc 


= 0 . 


1,2 (^,Rn) 


Hence, there exists a subsequence of {<S'i(\/X)[[(^^i Afc/3fc))}^^i (without loss of gen¬ 
erality, we use the same notation as the original sequence) such that, for almost every 


X G 






N 




x) = Si 




\k=l 


(x). 


From this and the Minkowski inequality, we deduce that, for almost every x G 


S'! (i/lZ{f)] (x) < ^ lAfcl^i (^/l. 


k=l 


(x). 






















24 


Dachun Yang and Junqiang Zhang 


By this and (4.6), we know that 


Si 


LP{w,R’^) 


< 


^ / |Afc|^ Si (i/L^{/3k)) {x) w{x)dx 


-| i/p 


U=i' 


< 

rsj 




-| i/p 


Lfc=i 


< 




Thus, (4.6) implies (4.4). 

It remains to prove (4.6). Let a be an Lfil,’^(M"')-atom associated to a ball B := {xbiTb) 
with xb S IK” and S (0,oo). Then, by the Holder inequality, we hnd that 


(4.8) 


* 5*1 ( L'lju (d 


LP(w, 1 


/ 

JR’ 


Si I v Lyj{a )) {x) w{x) dx 


E / 


< Y, H 2 ^B)] 

j=0 

CO 

< Y 

j=3 

+ [w{B )]^-2 


r{x) 




tL^e '^{a){y) w{y) 


w{B{x,t)) t 


w(x)dx 


i-i 


l-£ 

2 




tL^e *^'^“(a)(y) 


2 w{y)dy dt 

— - -^ — wix) dx 

w{B{x,t)) t ^ ' 


p 

2 


R{Uj{B)) 


tL^e *^^“'(a)(y) ^(t/) dy y 


< ^ [w{2^B)] 
J=3 

oo 

+ YH‘^^b)] 

j=3 

+ [w{B)]^-2 


S\ ( 'Y Ln) (tt 

I 


V 

L2(ij),R") 


1-2 

2 


1-2 

2 


0 J(2J-2S)C 


TOO r 

.J2J-2rH ./2. 


*^'^'"(o)(y) w{y)dy^ 


-I P 

2 


*5*1 ( a/ Litj (ci 


TB J2J-2B 

p 


t^L^e *^^“(a)(y) w{y)dy^ 




=: I+ 11 +III, 


where Uj{B) is as in (1.7) and R{Uj{B)) is as in (1.6) with F replaced by Uj{B). 
From (4.7) and the fact that a is an atom, it follows that 


(4.9) III<K’B)]'""l|Va||^,(^^j,.)<l. 

For II, by the assumption that satisfies U — LF' weighted full off-diagonal 

-p^ 

conclude that 

CX> 

(4.10) n = ^ [w{2^B)] 

3=3 


estimates with r S (1,2), w € ^q(M") with q G [1, ^^(y ~ 5 + ^)), and Lemma 2.2, we 


1-^ 

2 


r / 


vb 


fL^e *^'^™(a)(y) w{y)dy-^ 


dt 
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< [w{2^B)] 
J=3 

CX) 

< 


1-^ 

2 


t-Hhk) 




'B 


\a{y)\''[w{y)Y^ dy 


dt 

¥ 




i=3 


/B 


|a(y)r[w^(y )]2 dy 


From the Holder inequality, the fact that a is an Hw^{W^)-atom and the weighted Sobolev 
inequality (2.17) with it follows that 


(4.11) 


'B 


< 


Hy)r[w{y)]^ dy 


p+ 


IB 


\a{y)\P+[w{y)] 2 dy 


|_g|P(r p+) 


< 

r\_/ 


Ub 


\Va{y)\‘^w{y)dy 


\B\P(-r- 


< 


[w{B)]2 ^(re)^^'- 2 + 1 ). 


Combining this, (4.10) and the fact that 1 < (? < ^^(y “ 5 + ^)) we conclude that 


(4.12) 

For I, we write 

00 

(4.13) I < [w{2^B)] 


II < < 1 . 

i=3 


i-£ 

2 


i=3 

00 


r 2 ^rB 

Jo 


'(2J-2B)C 


J.2 r 
6 Xvt/iC- 


2 (jf 

'(o)(y) w{y)dy-^ 


3 =^ 


1 -^ 

2 


-I £ 

2 


/2Jrs ^(2J-2B)C 


=: I 1 +I 2 . 


By Proposition 2.6, the fact that w G ^q(M"') with 1 < g < ^^(y “ ^ + ^)) Lemma 2.2 
and (4.11), we find that 


(4.14) Ii < ^ [w{2^B] 
1=3 




' p2irB 

Jo 


,1 1 ( 2 ^rBf 


o z 1 1 ^ ‘ B) 


,2 ^ ^ 

T’'(io5,B) ^3 


-I P 

2 


< 




1 p 

I~2 II IIP 

a ' 


1=3 


'L^{w^,B) 


22rs 2 + 2n) (2Jrg)^ / I \2ii(7-^ + ^) 


— 


-I £ 

2 


2JrB 


1 


dt 


< 


00 
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OO 


rv-/ / ^ rv_; * 


From an argument similar to that used in the above, it also follows that 


(4.15) 


I 2 < 1. 

^ rsj 


Combining (4.15), (4.14), (4.13), (4.12), (4.9) and (4.8), we obtain (4.6). This further 
implies (4.3). Therefore, we have 



(4.16) 


From (4.16) and (4.2), we deduce that 



This, together with (4.1) and (4.3), implies that j^jgg^(M"')nL^(t(;, M”) and Ff£^(M"')n 
L'^{w, M”) coincide with equivalent quasi-norms. Then, by a density argument, we com¬ 


plete the proof of Theorem 1.4. 


□ 
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